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A comparison theorem for the law of large numbers in Banach spaces 
Deli lQ • Han-Ying Lian^d 


Abstract Let (B, || • ||) be a real separable Banach space. Let {A, n > 1} be a sequence of i.i.d. 
B-valued random variables and set > 1- Let {a„;n > 1} and {6„;n > 1} be in¬ 

creasing sequences of positive real numbers such that lim„_).oo = oo and {bn/un', n > 1} is a non¬ 
decreasing sequence. In this paper, we provide a comparison theorem for the law of large numbers 

Sn-nE{XI{\\X\\ <bn}) 


for i.i.d. B-valued random variables. That is, we show that 


0 almost 


surely (resp. in probability) for every B-valued random variable X with < oo 

(resp. lim„_).oo ^T-PdlAll > 6„) = 0) if SnlcLn 0 almost surely (resp. in probability) for every sym¬ 
metric B-valued random variable X with ^P’dl^ll > ®n) < oo (resp. lim^-^-oo ^^1P(||A|| > an) = 

0). To establish this comparison theorem for the law of large numbers, we invoke two tools: 1) a 
comparison theorem for sums of independent B-valued random variables and, 2) a symmetrization 
procedure for the law of large numbers for sums of independent B-valued random variables. A few 
consequences of our main results are provided. 
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1 Introduction and the main results 


Let (n,T', P) be a probability space and let (B, || • ||) be a real separable Banach space equipped 
with its Borel a-algebra B (= the cr-algebra generated by the class of open subsets of B determined 
by II • II). A B-valued random variable X is defined as a B-measurable function from (tl,T') into 
B. Let {X,Xn', n > 1} be a sequence of independent and identically distributed (i.i.d.) B-valued 
random variables and put Sn = n > 1. The strong law of large numbers (SLLN) and 

the weak law of large numbers (WLLN) for i.i.d. B-valued random variables have been studied by 
many authors. The classical Kolmogorov SLLN in real separable Banach spaces was established 
by Mourier (1953). The extension of the Kolmogorov-Marcinkiewicz-Zygmund SLLN to B-valued 
random variables is independently due to Azlarov and Volodin (1981) and de Acosta (1981). 

Theorem A. (Azlarov and Volodin (1981) and de Acosta (1981)). Let 0 < p < 2 and let 
{X,Xn', n > 1} be a sequence of i.i.d. B-valued random variables. Then 


(a.s.) if and only if 

Here and below ” stands for convergence in probability. 
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Let {R, Rn ; n > 1} be a Rademacher sequence] that is, {Rn] n > 1} is a sequence of i.i.d. 
random variables with P (i? = 1) = P (i? = —1) = 1/2. Let = B x B x B x • • • and define 

f oo 'I 

C(B) = < (ui,U2,...) G B°° : '^^RnVn converges in probability > . 

I n=l J 

Let 1 < p < 2. Then B is said to be of Rademacher type p if there exists a constant 0 < C < oo 
such that 


E 


n=l 


< C \\vn\\^ for all {vi,V 2 , ■■■) G C(B). 


n=l 


The following remarkable theorem, which is due tode Acosta (1981), provides a characterization of 
Rademacher type p Banach spaces. 

Theorem B. (de Acosta (1981)). Let 1 <p <2. Then the following two statements are equivalent: 

(i) The Banach space B is of Rademacher type p. 

(ii) For every sequence {X,Xn] n > 1} of i.i.d. 'B-valued variables, 


S 

lim / = 0 a.s. if and only if E||Ap < oo and EA = 0. 

n—>^oo fi^/P 


Let 0 < p < 2. Then B is said to be of stable type p if 

OO OO 

©n'Wn converges a.s. whenever {vn ■ n > 1} C B with < oo, 

n=l n=l 

where {©n; n > 1} is a sequence of i.i.d. stable random variables each with characteristic function 
fj{t) = exp { —|t|P} , — oo < t < oo. Equivalent characterizations of a Banach space being of stable 
type p, properties of stable type p Banach spaces, as well as various relationships between the 
conditions “Rademacher type p” and “stable type p” may be found in Maurey and Pisier (1976), 
Woyczyhski (1978), Marcus and Woyczyhski (1979), Rosihski (1980), Pisier (1986), and Ledoux 
and Talagrand (1991). It is well known that every real separable Banach space B is of stable type 
p for all p G (0,1) and that if B is of stable type p for some p G [1,2], then B is of Rademacher 
type p. 

A remarkable characterization of stable type p Banach spaces was provided by Marcus and 
Woyczyhski (1979). Specifically, Marcus and Woyczyhski (1979) proved the following theorem. 

Theorem C. (Marcus and Woyczyhski (1979)). Let 1 < p < 2. Then the following two statements 
are equivalent: 

(i) The Banach space B is of stable type p. 

(ii) For every symmetric sequence {A, A„; n > 1} of i.i.d. 'Q-valued variables, 

-0 if and only if lim nP f||A|| > = 0. 

Tt^/P n— >-oo \ / 


It is well known that if B is of stable type p for some p G [1,2], then B is of stable type q for 
all q G (0,p). In other words, by Theorem C, we have the following conclusion: 
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Conclusion A. Let 1 < p < 2 and 0 < q < p. If for every symmetric sequence {X,Xn', n > 1} of 
i.i.d. ^-valued random variables 

-)-p 0 if and only if lim nP f||X|| > = 0, 

then for every symmetric sequence {X, n > 1} of i.i.d. ^-valued random variables 

s 

-0 if and only if lim nP f||X|| > = 0. 

n—>-oo \ / 


Motivated by Conclusion A and Theorems B and C, in this paper we will establish what we 
call a comparison theorem for the law of large numbers for i.i.d. B-valued random variables. The 
main results of this paper are the following Theorems 1.1 and 1.2. 

Theorem 1.1. (Comparison theorem for WLLN). Let (B, || • ||) be a real separable Banach space. 
Let {an]n > 1} and {bn',n > 1} be increasing sequences of positive real numbers such that 

lim On = oo and {bn/un] n > 1} is a nondecreasing sequence. (1.1) 

n—yoo 

Suppose that, for every symmetric sequence {X, n > 1} of i.i.d. B-valued random variables, 


S 

— —)-p 0 if and only if lim nP(||X|| > an) = 0. 

Qn n—>-00 

Then, for every sequence {X, X„; n > 1} of i.i.d. B-valued random variables, we have that 


Sn 'In 


0 or lim sup P 

n^oo 


\Sn-7n\\ 


>A >0 VA>0 


according as 

Here and below 7n = nE(X/{||X|| < bn}), n>l. 


lim nP(||X|| > bn) = 0 or limsupnP(||X|| > bn) > 0. 

n—>-oo 


( 1 . 2 ) 

(1.3) 

(1.4) 


Theorem 1.2. (Comparison theorem for SLLN). Let (B, || • ||) be a real separable Banach space. 
Let {an]n > 1} and {bn]n > 1} be increasing sequences of positive real numbers with (1.1). Suppose 
that, for every symmetric sequence {X, X„; n > 1} of i.i.d. B-valued random variables 

S °° 

lim — = 0 a.s. if and only if y^P(||X|| > a^) < oo. (1.5) 

n-^oo an ^ 

n=l 

Then, for every sequence {X, X„; n > 1} of i.i.d. B-valued random variables, we have that 
V “ 7n „ Il'S'n ~ 7n|| 

lim —--= U a.s. or limsup---= oo a.s. (l-b) 

n—)-oo O-n, bfi 

according as 

OO 

^P(||X|| > 6„) < oo or = oo. (1.7) 

n=l 
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Remark 1.1. Under the assumptions of Theorem 1.1, we conclude from Theorem 1.1 that, for 
every sequence {X,Xn; n > 1} ofi.i.d. ^-valued random variables. 


lim sup P 

n—>-oo 


bn 

l|5’n-7n|| 


0 if and only if lim nP(||X|| > bn) = 0, 

n—>-oo 


>A >0VA>0i/ and only if limsupnP(||X|| > bn) > 0. 


Hence that 


Sn 'In 


x V X € B\{0}. 


Remark 1.2. Under the assumptions of Theorem 1.2, it follows from the conclusion of Theorem 
1.2 that, for every sequence {X,Xn', n > 1} of i.i.d. 'B-valued random variables, 

q _ 

lim —1 ^-;—— = 0 a.s. if and only if ^^P(||X|| > bn) < oo, 


n—>-oo 1 ), 

Sn '^n 


n=l 

oo 


limsup— —- = oo a.s. if and only if ^^P(||X|| > bn) = oo. 


n—yoo On 


n=l 


Hence that there does not exist a sequence {X^Xn] n>l} of i.i.d. 'B-valued random variables such 
that 

r, Il'S'n - 7 n|| ^ 

0 < iimsup- - - < oo a.s. 

n^oo On 


Combing Theorem 1.1 and Theorem C above, we immediately obtain the following two results. 

Corollary 1.1. Let 1 < p < 2 and let {an;n > 1} be an increasing sequences of positive real 
numbers such that 


lim On = oo and < jon] n>\\ is a nondecreasing sequence, 
n^oo I J 


( 1 . 8 ) 


Let (B, II • II) he a real separable Banach space such that, for every symmetric sequence {X,Xn] n > 
1} of i.i.d. B-valued random variables, (1.2) holds. Then the Banach space B is of stable type p. 


Corollary 1.2. Let (B, || • ||) be a real separable Banach space. Let 1 <p <2 and let {bn',n > 1} 
be an increasing sequences of positive real numbers such that 

n > l| is a nondecreasing sequence. (1-9) 

//B is of stable typep, then, for every sequence {X,Xn; n > 1} ofi.i.d. B-valued random variables, 
(1.3) and (l.f) are equivalent. 

From Corollary 1.1, we see that the Conclusion A is true in general. 

Similarly, by Theorem 1.2 and Theorem B above, we obtain the following two results. 

Corollary 1.3. Let 1 <p <2. Let {an',n > 1} be an increasing sequences of positive real numbers 
with (1.8). Let (B, || • ||) be a real separable Banach space such that, for every symmetric sequence 
{X,Xn]n > 1} of i.i.d. B-valued random variables, (1.5) holds. Then the Banach space B is of 
Rademacher type p. 
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Corollary 1.4. Let 1 < p < 2 and let {bn',n > 1} be an increasing sequences of positive real 
numbers with (1.9). //B is of Rademacher type p, then, for every sequence {X,Xn; n > 1} of 
i.i.d. ^-valued random variables, (1.6) and (1.7) are equivalent. 

If B = (— 00 , 00 ), Theorems 1 and 2 of Feller (1946) follow from Corollary 1.4. 

The proofs of Theorems 1.1 and 1.2 will be provided in Section 4. To establish Theorems 1.1 
and 1.2, we invoke two tools: 1) a comparison theorem for sums of independent B-valued random 
variables, which is obtained in Section 2 and, 2) a symmetrization procedure for the law of large 
numbers for sums of independent B-valued random variables, which is provided in Section 3. These 
two tools are of independent interest. 


2 A comparison theorem for sums of independent B-valued ran¬ 
dom variables 


Throughout this section, let {i?, n > 1} be a Rademacher sequence. To establish Theorems 
2.1 and 2.2, we invoke the remarkable contraction principle discovered by Kahane (1968). Some 
further extensions have been obtained by Hoffmann-Jprgensen (1973, 1974, 1976). The main result 
of the contraction principle is expressed in Theorem 4.4 of Ledoux and Talagrand (1991). 

The following result is the second part of Theorem 4.4 of Ledoux and Talagrand (1991). 

Lemma 2.1. Let {xn, n > 1} be a 'B-valued sequence and {«„; n > 1} a real-valued sequence such 
that sup„>i \an\ < 1. Then we have, for every n > 1 and all t >0, 


i=l 


>t \ <2F 


E 

i=l 


RiX, 


> t 


By using Lemma 2.1 above, we establish in Theorem 2.1 a comparison theorem for sums of 
independent B-valued random variables. 


Theorem 2.1. Let ip{-) and '0(-) be two continuous and increasing functions defined on [0, 00 ) such 
that (/^(O) = '0(0) = 0 and 


lim ip{t) 

r—>-cxD 


OC 


and 




is nondecreasing function on [0, 00 ). 


( 2 . 1 ) 


Here we define = hmi^Q+ For n>l, set On = <^(n) and bn = 0(n). Then we have: 

(i) Let {xn] n > 1} be a 'B-valued sequence such that ||xn|| < bn, n > 1. Then we have, for 
every n > 1 and all t > 0, 


P 




< 2P 


'^Riip{fi HlkilD) 


2=1 




( 2 . 2 ) 


Here if H||0||)) ||^ = 0 since lim (/? (0 i(||x||)) ||^ = 0. 

(ii) If{Vn; n > 1} is a sequence of independent and symmetric B-valued random variables, 
then we have, for every n > 1 and all t >0, 


E’'. 

2=1 


>tbr,\ < 4P 






2=1 


td'fi 


+ E' 

2=1 


^ bn) 


(2.3) 
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Proof Clearly we have, for every n > 1 and all t > 0, 


RiXi > tbj 


(On V’ (V’ 


y(</’-‘(lkll)) 


^ (ip{n) 'if {'if Hlla^ilD) 


Ripi'if HlkilD) 


Since ip{-) and 'if{-) are two continuous and increasing functions defined on [0, oo) satisfying (/?(0) = 
■0(0) = 0 and (2.1), we see that ip~^{-) is also a continuous and increasing function defined on [0, oo) 
such that '0“^(O) = 0, linit^oo 0~^(^) = oo, and 

= ^ whenever 0 < t < 

If {'if pt)) ip{n) On 

Note that ||xn|| < bn = 'if{n), n > 1. We thus conclude that, for every n > 1, 

0(0-i(||xi||)) V’(n) , . , ^ 

0< t i-iiw —nW - “TN for z = 1,2, ...,n 

pyf’ H )) pyn) 


and hence that, for every n > 1, 


ifi'n) ^ if {-if ^{\\xi 
'if{n) (/?(0-^(||xi 


<1 for z = 1, 2,n. 


By applying Lemma 2.1 we thus have, for every n > 1 and all t > 0, 


/ pjn) _ if {if Hlla^ilD) 

^^\ifin) ip{if-^{\\xi\\)) 


Rip{if HlkilD) 


<2P 


proving Part (i). 

We now turn to the proof of Part (ii). For every n > 1, write 
Vn, = vam\\<hn}, R = ip{lf-\\m))^^, Tn, = ip{'lf-\\\VnA\))^^ 
Clearly we have, for all t > 0, 


z = 1,..., n. 


P >t6n <P >t6n +y^P(||P||>6n). 


Note that 


{IIPII < U = {if-H\m) <n} = {ip (0-ni|V)||)) < an} = mw <an}, i = 1 ,- 


Thus it is easy to see that 


Tn,i = Til {\\Ti\\ < On} , i = l,...,n. 
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Since {Vi; i = is a sequence of independent and symmetric B-valued random variables, 

{Vn,i; i = {Ti] i = and i = l,...,n} are sequences of independent and 

symmetric B-valued random variables. Let {R, Rn] n > 1} be a Rademacher sequence independent 
of {Vn, n > 1}. Then {RiVn^i] i = 1, ...,n} has the same distribution as {Vn,i; i = 1, ...,n} in B” 
and {RiTn^i] i = has the same distribution as ^ in B"". Since ||Rn,i|| < 

bn, i = 1, ...jn, by applying (2.2), we have, for all t > 0, 


E 

2 = 1 




> tbn 


E 

2 = 1 


RiVn 



= E 


Y,RiVn,i 

2 = 1 


> tbn 



< 2E 



> tUr 




(2.5) 


= 2P 


E 

2=1 




n ,2 


tdr 


= 2P 




Since {T*; i = 1, ...,n} is a sequence of independent and symmetric B-valued random variables, it 
follows that {Til {||Ti|| < an} — RI {||Ti|| > an} ; i = 1, ...,n} has the same distribution as {T*; i = 
1,..., n} in B"". Note that 


Er» 

2=1 


Er=i + eiLi mnmw < an} - > an}) 


We thus have, for every n > 1 and all f > 0, 


Er» 

2=1 


^ tcifi I ^ 


^ ta^- 


-FP 


= 2P 


E^. 

^1 

n 

J](T*/{||T,|| <a„}-T,/{||T,|| >an}) 


2 = 1 


E^. 

2=1 


> tttr. 




Now we can see that (2.3) follows from (2.4), (2.5), and (2.6). □ 


( 2 . 6 ) 


3 A symmetrization procedure for the law of large numbers 

Symmetrization procedure is one of the most basic and powerful tools in probability theory, partic¬ 
ularly in the study of the limit theorems for sums of random variables; see, for example. Lemma 7.1 
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of Ledoux and Talagrand (1991) and Li (1988). In this section a symmetrization procedure for the 
LLN for sums of independent B-valued random variables is established in the following Theorem. 


Theorem 3.1. Let n>l} be a sequenee of independent and ^-valued random variables. Let 
{Yni n>l} he an independent copy of {Yn, n > 1}. Write Yn = Yn — Yf, n > 1. Let {an',n > 1} 
be increasing sequenees of positive real numbers such that 


lim On = oo and limsupP(||y) 

n—yoo ^ 


n\\ > 0 ^0- 


Then we have the following two statements. 

(i) Symmetrization procedure for WLLN: 




if and only if 


V” Y 

2^i=i 


0 . 


(ii) Symmetrization proeedure for SLLN: 

T:=ly^-Il=,^iy^my^\\<an}) 


0 a.s. 


if and only if 


V” Y 


0 a.s. 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


(3.5) 


Theorem 3.1 tells us that for studying the LLN for yil^n-, n > 1, it is enough to study the 
LLN for yil^^ni n'>l, reducing ourselves to symmetric random variables. To our knowledge, 
Theorem 3.1 (especially Theorem 3.1 (i)) is new. The following Corollaries 3.1 and 3.2 are two 
consequences of theorem 3.1. 


Corollary 3.1. Under the assumptions of Theorem 3.1, we have 

HU y^ 




0 a.s. (resp. in probability) 


if and only if 


yf . E(yi/{||yi|| < a„}) . Yi 

lim V 111 til - nS) ^ Q ^ 


0 a.s. (resp. in probability). 


Corollary 3.2. Let {X,Xn', n > 1} be a sequenee of i.i.d. B-valued random variables. Let 
{X(-, n > 1} be an independent copy of {Xn', n > 1}. Write Sn = HHi U — H!i=i U’ ^ > 1- 
Let {an',n > 1} he increasing sequences of positive real numbers such that limji_^oo = oo. Then 
we have 


Sn-nE{XI{\\X\\ <a„}) 


a.s. (resp. in probability) 


S — S' 

-^^0 a.s. (resp. in probability). 


if and only if 



Proof of Theorem 3.1 We first establish Theorem 3.1(i). Since {Yf-, n > 1} is an independent copy 
of {Yn] n > 1}, we see that for n > 1, 

Er=iEiLi- EiLi^Er=i yi - eiLije {yinmw < 

dfi dji dfi 

so that (3.3) follows from (3.2). 

We now prove that (3.3) implies (3.2). Since {1^; n > 1} is sequence of independent and 
symmetric B-valued variables, by the remarkable Levy inequality in a Banach space setting (see, 
e.g., see Proposition 2.3 of Ledoux and Talagrand (1991)), we have that for every n > 1, 


P 


( maxi<j<„ II 1)1 


V 


>t \ <2F 


Er=i 


>t\ yt>o. 


(3.6) 


It thus follows from (3.3) and (3.6) that 

maxi<j<„ II rj 


0 . 


(3.7) 


Also, by independence, (3.7) implies that 


(■ 


maxi<j<„ II ri 


dr. 


>t =i-n 1 


IDI 


>t ^0 as n —>-00 Vt>0 


i=l 


which is equivalent to 


E' 

2=1 


117,1 


>t —>0 as n—7>oo Vt>0. 


(3.8) 


It easily follows from (3.1) that there exists no > 1 such that 

dn \ 1 


max P (lllill > < - V n > no. 

l< 2 <n \ 2/2 


Note that {||17|| < a„/2, ||y/|| > On} C {||17 - y/|| > 0^/2} = |||Ti|| > a„/2|, 1 < i < n. We thus 
have that 

n n 

^PdlTill >a„) = ^P(||y/|| >a„) <2P(||1)|| > a„/2) V n > no 
2 = 1 2=1 

and hence by (3.8), it follows that 

n 

P (111)II > On) ^ 0 as n —>■ oo. (3.9) 


2=1 


Write 


Yn,^ = YI{\\Y\\ < an}, = y//{||y/|| < an}, Yn,i = Yn,i - Yf^„ i = 1, ...,n, n > 1. 
It is easy to see that for every n > 1, 

y _ V. \ n 

-— 2^^IP(||yi|| > On) —>■ 0 as n —> OO 


2 = 1 
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and hence by (3.3), we conclude that 


V” Y ■ 


0 . 


Again by the remarkable Levy inequality in a Banach space setting, (3.10) ensures that 


max]^<2<i2 ||ln,^| 


0 . 


Note that 


maxi<j<„ \\Yn,i\ 
dn 


<2 Vn> 1. 


It thus follows from (3.11) and Lebesgue’s dominated convergence theorem that 


1-^ ^ [ maxi<^<^ \\Yn,i 




= 0 . 


By Proposition 6.8 of Ledoux and Talagrand (1991, p. 156), we get that for every n > 1, 


E 


V” Y 


< 6E 


/ maxi<i<„ \\Yn 


+ 


where 


tn = inf < t > 0; 


V” Y ■ 

Z^i=l ^ri,i 


>‘1^24 


It is easy to see that (3.10) implies that lim^^oo = 0. It thus follows from (3.12) that 

IV"- Y ■ 


lim E 

n—>-cxD 


= 0 . 


Since, for every n > 1, and Y17=i'^ni B-valued random variables, i 

from (2.5) of Ledoux and Talagrand (1991, p. 46) that 


E piEr=i^n,2-Er=iE(i2j{||y,||<a4)„ ^ 

V ^Tl 


V Y 

z^i=l ^n,7 




By (3.13), we get that 


n^oo V a„ 


and hence that 


Er=i>^n.-Er=iiE(4/{ii4ii<a4) 


0 . 


(3.10) 


(3.11) 


(3.12) 


(3.13) 

follows 


(3.14) 
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Note that, for every n > 1, 

Er=i^^-Er=iEmnmii<«n}) 

Er=i^n,.-Er=iEmnmii<«n}) , Er=i^.nmii<«n} ^ 

Q-n 

Thus (3.2) follows from (3.14) and (3.9). 

We now establish Theorem 3.1(11). Clearly, we only need to show that (3.4) follows from (3.5). 
Since (3.5) implies (3.3), we see that (3.2) holds. Note that {T^; n > 1} is an independent copy of 
{T„; n > 1}. It thus follows from (3.5) that 

<«n}) Er=i>^/-Er=iiE(i-//{r/ii <an}) 

dn dfi 

(3.15) 

y^n y 

= ———- —)• 0 as n ^ oo. 

(Xn 

By applying either Theorem 3 (3.3) of Li (1988) or Lemma 7.1 of Ledoux and Talagrand (1991, p. 
179), (3.4) follows from (3.15) and (3.2). This completes the proof of Theorem 3.1. □ 

Proof of Corollary 3.1 Note that, for every n > 1, 

E n .(y v^n v^n 

i=l _ Z^i=l _ l^i=l 

dfi dfi dfi 

Er=iiE(DJ{mii <«4) Er=i>i Er=i^.-Er=i]Emnmii <«n}) 

dn dn dn 

Er=i4 Er=i^^-Er=iE(4J{ii4ii<an}) , Er=i]E(4/{ii4ii<an}) ^ 

dn dn dn 

Thus, by Theorem 3.1, Corollary 3.1 follows immediately. □ 

Proof of Corollary 3.2 Since lim„^oo On = oo and {X,Xn] n > 1} is a sequence of i.i.d. B-valued 
random variables, we have that 

P (llXJI > y) = F (|4II > y) ^ 0 as n ^ (X) 

and hence that (3.1) holds for = X^, n > 1. Thus Corollary 3.2 follows from Theorem 3.1 
immediately. □ 

4 Proofs of Theorems 1.1 and 1.2 

Throughout this section, {an',n > 1} and {bn'.,n > 1} are increasing sequences of positive real 
numbers with (1.1). Write 

1(1) = {i; bi < 2} and I{m) = {i; 2^~^ < h < 2™} , m>2. 

It follows from (1.1) that 0 < 6^ t oo and 

OO 

{1,2,3, ...,n,...} = IJ I{m). 

rn=l 


11 



Note that I{m), m> 1 are mutually exclusive sets. Thus there exist positive integers A;„, m„, n > 1 
such that 

ki < k2 < ... <kn < mi < m 2 < ... < < ..., 

00 

{1,2,3, ...,n,...} = IJ {rrin ), and I (mi) = {1,...,/ci} , I {mn) = {kn-i + 1, •••, fen} , n> 2. 

n=l 

To prove Theorems 1.1 and 1.2, we use the following two preliminary lemmas. 

Lemma 4.1. Then there exist two continuous and increasing functions ip{-) and V’(-) defined on 
[0,oo) such that (2.1) holds and 

99 ( 0 ) = fi{0) = 0, (p{n) = an, fi{n) = bn, n> 1. (4.1) 


Proof Let oq = 60 = 0. Let 

(p{t) = On-l + {an - Un-l) {t -U + l), U - 1 < t < U, n> 1 

and 

fi’it) = bn-i + {bn - bn-i) {t - U + l), n - 1 < t < n, n > 1. 

Clearly, (p{-) and fi{-) are two continuous and increasing functions defined on [0, oo) such that (4.1) 
holds. We now verify that (2.1) holds with the chosen ip{-) and V'(-). Note that (1.1) implies that, 
for n — 1 < t < n and n > 1, 

^ V>'(t)(/9(t) - fi{t)ip'{t) 

(p{t)J (p‘^{t) 

_ ^n—lbn bn—lOn 

bn ^n—1 


^n—l^n 


O^n ^n —1 


T^{t) 


> 0 , 


where 6 o/ao = bi/ai. Thus (2.1) follows. □ 

Lemma 4.2. Let {Vn, n > 1} be a sequence of independent and symmetric 'B-valued random 
variables. Set feo = 0. We have the following two statements. 

(i) If 

Er=i 


then 


Ep 

n=l 


E 

i = kn-l+l 


0 a.s., 


> eafc„ < oo V e > 0. 


(ii) 


Er=i 


0 a.s. 


(4.2) 

(4.3) 

(4.4) 
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if and only if 


El 

n=l 


E 

i=fc„_i+i 


> < oo V e > 0. 


(4.5) 


Proof We first prove Part (i). Clearly, (4.2) implies that 


TA \ '^n TA 

i=fc„_l + l ^ Z_yj=l 




dkr, 


+ 


^kn-1 


V- 


0 a.s. as n —)> oo. 




(4.6) 


Since i+i ^ — 1 independent B-valued random variables, (4.3) follows from (4.6) 

and the Borel-Cantelli lemma. 

We now establish Part (ii). From the proof of Part (i), we only need to show that (4.4) follows 
from (4.5). Since {Vn, n > 1} is a sequence of independent and symmetric B-valued random 
variables, by the remarable Levy inequality in a Banach space setting (see, e.g., see Proposition 2.3 
of Ledoux and Talagrand (1991)), we have that for every n > 1, 


max 

k-fi _^ ^7? 


E 

t=k„-i+l 


> ebk„ < 2P 


E 

i=k„-i+l 


> ebu V e > 0. 


Thus it follows from (4.5) that 


> P I max 

\ kn-l<k<kn 

n=l 


i —fcn —1+1 


> €bk„ < oo V e > 0 


which ensures that 


4 _ 

-Ti-n. — 




^kn 

Now by the Toeplitz lemma, we conclude from (4.7) that 


0 a.s. 


max 


Eli 


kn —+ bk 


< 2 max 


< 


Ell V) 


kn — l<ik^kn ^kn 

kj 


dE 


1 V ^ V- 


bkn 


+ Ar, 


(4.7) 


< 


j=l V 


< 4 V f —) Aj 

— I ovrin y J 

j=l V / 

^ 0 a.s. as n —)■ oo, 


i.e., (4.4) holds. □ 
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With the preliminaries accounted for, Theorems 1.1 and 1.2 may be proved. 


Proof of Theorem 1.1 To establish the conclusion of Theorem 1.1, it suffices to show that, for every 
sequence {X, n > 1} of i.i.d. B-valued random variables, the following three statements are 
equivalent: 


Sn 


>P 0, 


(4.8) 


lini 

n^oo Y On 



0 for some constant A G (0, oo), 


(4.9) 


lim nP(||X|| > bn) = 0. 

n—>-oo 


(4.10) 


Here and below 7 „ = nE (X/{||X|| < bn}), n > 1. 

Since (4.9) obviously follows from (4.8), it suffices to establish the implications “(4.8) (4.10)”, 

“(4.10) ^ (4.8)”, and “(4.9) ^ (4.8)”. 

Since {X,Xn; n > 1} is a sequence of i.i.d. B-valued random variables, arguing as in the proof 
of implication “(3.2) (3.9)”, we see that (4.8) implies (4.10). 

We now show that (4.10) implies (4.8). To see this, let {X,Xn, n > 1} be a sequence of i.i.d. 
B-valued random variables with (4.10). Set 


X = 


X -X' 


Xn = 


Xn - XL 


n> 1 


where {X',Xn; n > 1} is an independent copy of {X,Xn; n > 1}. Clearly, 

P(||X|| >t)< P(||X|| > t) +P(||X'|| >t) = 2P(||X|| >t) V t > 0. 

Thus {X,Xn', n > 1} is a sequence of i.i.d. symmetric B-valued random variables such that 


lim nP f||X|| > bn) = 0. (4.11) 

n^oo \ J 

Since {an',n > 1} and {hn,n > 1} are increasing sequences of positive real numbers with (1.1), by 
Lemma 4.1, there exist two continuous and increasing functions (/?(•) and 'ip{-) defined on [0, oo) 
such that both (2.1) and (4.1) hold. Write 


Y = ip 

It is easy to see that 

P(ni >an) = 


-1 


iTi 


, Yn = ^(i^-\\\X, 


Xn 


\Xn 


-, n > 1. 




-1 


X 


IXI 


> (p{n) = P ||X|| > , n > 1. 


It thus follows from (4.11) that {Y,Yn; n > 1} is a sequence of i.i.d. symmetric B-valued random 
variables such that 

lim nP(||T|| > a„) = 0 


and hence that, by (1.2), 


EILi 


0 . 


Cf-n 


(4.12) 
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By Theorem 2.1 (ii) together with (4.8) and (4.12), we have that 


2 = 1 


> ebn < 4P 




2=1 




iXd 


> eOn I + ] 

/ i=l 


^*11 ^ bn 


= 4P 


and hence that 




> ean + nP ||X|| > h 


U=i 

0 asn —>-00 Ve>0 

Q \^n 

•Jn _ 2-^i=l 

2bn bn 


where S'n = ^ 11=1 — 1- We thus conclude that 


Sn-S'n 


0 . 


By Corollary 3.2, (4.8) follows. 

It remains to show that (4.9) implies (4.8). Let {X,Xn] n > 1} be a sequence of i.i.d. B-valued 
random variables with (4.9). By the remarable Levy inequality in a Banach space setting, we have 
that 


/maxi<j<„ \\Xi - X[\ 

V hn 


> 2A < 2P 


\\Sn-S'n 


> 2A < 4P 


11-5. 


> A I V n > 1. 


Then it follows from (4.9) that 


lim nP 

n^oo 


> 2A =0, i.e., lim nP 

n^oo 


X -X' 


2A 


>bn] = 0 . 


That is, (4.10) holds with X replaced by symmetric random variable {X — X')/{2\). Since (4.8) 
and (4.10) are equivalent, we conclude that 


Xi—X'- 

l^i=l 2 ^ 


0, i.e.. 


Sn - S'n 
2A 


Thus 


Sn-S'n 


which, by Corollary 3.2, implies (4.8). □ 


Proof of Theorem 1.2 To establish this theorem, it suffices to show that, for every sequence 
{X,Xn] n > 1} of i.i.d. B-valued random variables, the following three statements are equivalent: 


lim —— —)■ 0 a.s., 

n^oo On 

(4.13) 

I|.5„-7n|| ^ 

iimsup- - - < oo a.s., 

n—>-cxD On 

(4.14) 
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(4.15) 


£p(||X||>6„)<oo. 

n=l 

The three statements (4.13)-(4.15) are equivalent if we can show that (4.13) and (4.15) are 
equivalent and (4.13) and (4.15) are equivalent. 

For establishing the implication “(4.13) ^ (4.15)”, let {X, n > 1} be a sequence of i.i.d. 
B-valued random variables with (4.15). It follows from (4.15) that 


lim - — = 0 a.s. 

n—>00 On 


which implies that 




0 a.s. 


By the Borel-Cantelli lemma, (4.16) is equivalent to 


^P(||X„-X;|| >e6n) <00 Ve>0, 


(4.16) 


^ P (||X - X'll > ebn) <00 V e > 0. (4.17) 

n=l 

Note that {||X'|| < bn/2, ||X|| > bn} C {||X - X'\\ > 6„/2} and 

lim P(||X'|| < bn/2) = 1. 

We thus have that, for all large n, 

P(||X|| >6„) <2P{||X-X'|| >6„/2} 
which, together with (4.17), implies (4.15). 

We now prove “(4.15) => (4.13)”. Let {X, n > 1} be a sequence of i.i.d. B-valued random 
variables with (4.15). Since {a„;n > 1} and {bn'-,n > 1} are increasing sequences of positive real 
numbers with (1.1), by Lemma 4.1, there exist two continuous and increasing functions (/?(•) and 
'0(-) defined on [0,oo) such that both (2.1) and (4.1) hold. Write 


X -X' 


, x„ = 


X -X' 


-, n > 1 


Y = ip 


-, Yn = ^U-W\X, 


n > 1. 


Then {X,X„; n > 1} is a sequence of i.i.d. symmetric B-valued random variables such that 


J^P ||X||>6„ <2^P(||X||>6„)< 


(4.18) 


and {y, W; n > 1} is a sequence of of i.i.d. symmetric B-valued random variables such that 


x;p(iiyii>a„) = x;p(iixii>6j< 


(4.19) 
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Hence, by Lemma 4.2 (i), we conclude from (4.19) and (1.5) that 


n=l 


E 

i=fc„_i+i 


> eafc„ < oo V e > 0. 


(4.20) 


By Theorem 2.1 (ii), we have that, for every n > 1, 


E 

i=fc„_l+l 


> ebu < 4P 


< 4P 


E 

l=kn-\ + l 


E 

i=fc„_i+i 


> ean\ + ^ 1 

i=kn-l + l 


II ^ 


>ean]+ ^ ^ > 0 - 

i=fc„_l+l 


It thus from (4.18) and (4.20) that 


E' 

n=l 


E 

i=kn-l + l 




oo 

<4Ei 

n=l 


^Ei 

n=l 


E 

i=fc„_i+i 


E 

i=fc„_i+i 


oo kn 

> ettn I + E E P( 11^*11 >6, 

n=l i=kn-\+^ 


> can I + IP (^ll"^«ll > 

n=\ 


(4.21) 


< oo V e > 0. 

By Lemma 4.2 (ii), (4.21) is equivalent to 

Q Qf Y" 

_ Z^i=l 


2b, 


0 a.s. 


Hence 


Sn-S'^ 


0 a.s. 


By Corollary 3.2, (4.13) follows. 

The implication “(4.13) => (4.14)” is obvious. 

We now establish the implication “(4.14) (4.13)”. Let {X,Xn', n > 1} be a sequence of i.i.d. 

B-valued random variables with (1.8). It follows from (4.14) that 

a.s. 


which implies that 


iimsup- - - < oo a.s. 

n—>oo On 


(4.22) 
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By the Borel-Cantelli lemma, (4.22) is equivalent to, for some constant 0 < A < oo, 

OO OO 

P (||X„ - X(,|| > A6n) < oo, i.e., ^P 

n=l n=l 



x-x' 


A 


> br 


< OO. 


That is, (4.15) holds with X replaced by symmetric random variable {X — X')/\. Since (4.13) and 
(4.15) are equivalent, we conclude that 


Sn-S'^ 

\X) bn 


Tli=l A 

bn 


—y 0 a.s. 


Thus 


Sn-SL 


0 a.s. 


which, by Corollary 3.2, implies (4.13). The proof of Theorem 1.2 is therefore complete. □ 
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